Abstract. Let R (G) denote the character ring of a finite group G and let A be a commutative ring with identity. In this paper we show that if G ¥= {1}, then A ®z R(G) has only one maximal ideal if and only if G is a/>-group and A has only one maximal ideal m such that A/m is of characteristic p.
1. Let R (G) be the character ring of a finite group G which is generated by complex irreducible characters x of G over the ring Z of rational integers. Then R(G) is a commutative Z-algebra and its identity is the principal character lc of G. The characters x form a free Z-basis of R (G).
Let A be a commutative ring with identity. We define RA(G) Remark. The same result is shown in [5] for group rings of abelian groups. Proof. First we assume that G is a p-group and A has only one maximal ideal m such that char(A/m) = p. Let M = M(x, p) be any maximal ideal of RA(G), where x E G and p is a maximal ideal of A. Then p n A = m; hence m C M and pZ = p n Z. Since the identity 1 is only one p-regular element of G, we see that
for all x (cf. Exercise 2 of 10.3 in [6] ). This implies that x _ xO) e ^> ar>d so Ker e ç M. Hence we have M = e~'(m), which shows that e_1(m) is the unique maximal ideal of RA(G).
Conversely, we assume that RA(G) is local. Using the augmentation e we see that A is local. If m is the maximal ideal of A, then £~'(m) is the maximal ideal of RA(G).
In order to prove that G is a p-group, we note first that the order \G\ of G is a nonunit in A. Indeed, if | G | is a unit in A, then | G | ~ xrG is an idempotent of RA(G), where rG denotes the regular character of G. Since RA(G) is local, we have |G|~'rc = 0 or 1. This is contrary to G =£ {1}. Hence there exists a prime divisor p of | G | such that p is a nonunit in A, and therefore A/m is of characteristic p. Now we shall prove that G is a p-group. Suppose on the contrary that it is not so. Then there exists an element x ¥= 1 of G whose order is not a power of p. Let/be the character of G induced from the principal character lP of a p-Sylow subgroup P of G. Then/(x) = 0 and
Since /is a nonunit in RA(G), we have/ E e"'(m). This implies/(l) E m n Z = pZ, a contradiction.
In [3], [4] Chwe and Neggers defined Steinitz rings and proved that A is a Steinitz ring if and only if A has only one maximal ideal m such that m is T-nilpotent. Allen and Neggers
[l] applied this result to the case of group rings. As an analogue of the theorem of Allen and Neggers we prove the following result. Proof. Suppose that RA(G) is a Steinitz ring. Using the augmentation e we see that A is a Steinitz ring. Hence it follows from Theorem 1 that G is a p-group and p E m, where m is the maximal ideal of A. Since m is r-nilpotent, we see that/? is nilpotent, hence the characteristic of A is a power of p.
Conversely, suppose that G is a p-group and A is a Steinitz ring of char A = p'. Let m be the maximal ideal of A. Since A/m is of characteristic p, it follows from Theorem 1 that RA(G) has only one maximal ideal e~'(m). We must prove that e~'(m) is T-nilpotent. Since £~'(m) = m + Ker e, and since m is T-nilpotent, it suffices to show that Ker e is nilpotent.
Let a be the augmentation A = A[t9] -> A. Then a~'(m) = m + Ker a is a maximal ideal of A and Ker a is a principal ideal of A generated by 1 -9.
Since (1 -0)|G| = 0 (modpA), and since char A = p', we see that (1 -0)'IG| = 0, and so Ker a is nilpotent. Hence a ~ '(m) is 7-nilpotent and its elements are nilpotent.
Now we have seen in the proof of Theorem 1 that x(*) ~~ x0) are in a~'(m) for all x G G and all x-Since G is finite, it follows that x -xO) are nilpotent elements of RA(G), hence Ker e is a nilpotent ideal. This completes the proof.
In the case of Noetherian rings, the above result gives the following Corollary.
Suppose G ^ {1}. Then RA(G) is an Artin local ring if and only if G is a p-group and A is an Artin local ring whose characteristic is a power of P-
